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Four-dimensional gravity from singular spaces
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The modification to four-dimensional Einstein gravity at low energy in two brane models is investigated
within supergravity in singular spaces. Using perturbation theory around a static Bogomol'nyi-Prasad-
Sommerfield background, we study the effective four-dimensional gravitational theory, a scalar-tensor theory,
and derive the Brans-Dicke parameter when matter is present on the positive tension brane only. We show there
is an attractor mechanism towards general relativity in the matter dominated era. The dynamics of the inter-
brane distance are discussed. Finally, when matter lives on both branes, we find that there is a violation of the
equivalence principle whose magnitude is governed by the warping of the extra dimension.
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I. INTRODUCTION We begin by summarizing the relevant results from our
companion paper in Sec. Il and add matter sources on the
The notion that our Universe may be a hypersurfaceédranes; we then, in Sec. lll, compute the Brans-Dicke param-
within a higher-dimensional space-time is not a new oneeter that would be observed on the positive-tension brane in
[1-3], but recently interest in this class of theory of the Uni- the low-energy limit, and show that general relativity is an
verse has been rekindled by the development of simple mocgttractor in rather general cases. We draw our conclusions in
els, notably by Randall and SundruRS) [4,5]. These mod-  Sec. IV.
els admit a rich set of developments and extensions. In brane
world theories the standard model fields are usually confined Il. BRANE WORLD SETUP: BACKGROUND
on our (visible) brane, while allowing gravity to propagate AND PERTURBATIONS
throughout the entire space-time. Recovering a four-
dimensional theory of gravity that is compatible with
present-day observations is one of the main constraints to be We are interested in brane world models with a bulk sca-
imposed on brane-world models. Such an analysis has beé# field. In addition, we have two branes in our setup: one
carried out in the RS framework with an explicit radion sta- (the visible brangis located az=0, whereas the othéhid-
bilization mechanism if6]. den brane is located at=r.. We consider a bulk action
One possible extension to the RS set-up is the inclusion of
matter fields in theéextra-dimensionalbulk. In particular it
is of interest to study the dynamics of bulk scalar fields as
these fields appear naturally in models motivated from M
theory[7], see[8—21]. Recently the issue of retrieving grav- with boundary terms
ity at low energy for models with a single bulk scalar field
has been analyzed [22]. It has been found that four dimen- 3 5
sional gravity is generically recovered provided that the Sbrane:_ﬁf d>x\V=gs[8(2) = 8(z—1o)]Us (2
models do not have a supergravitational origin. Ks
~ In this paper, we discuss the effect of including a scalaghereu, is the superpotential related to the bulk poteritial
field in the bulk, for certain supergravitational brane-world
models[8—11], on the effective four-dimensional theory of
gravity. To examine this, we build on the results of a com- dUg
panion papef12] in which we studied the dynamics of linear U= (%
perturbations of the radiofi.e. fluctuations of the brane dis-
tance and the bulk scalar field. We compute the metric per- Background solutions to the equations of motion are de-
turbation due to matter on the brane, and compare the lowscribed by the Bogomol'nyi-Prasad-Sommerfie(@PS
energy limit to the Brans-Dicke theories; J&3]. equations

A. The background configurations

1
S 7| SXTGR- HL(0# U]
Ks

2
) —U3. 3

a’' Ug , dUg 4
More specifically, the authors d22] assume that the relation a4 ¢'= ad )
U=U4?— U3 between the brane and the bulk potentials is violated.

This relation holds explicitly for the models that we consider. where ' =d/dz, for a metric of the form
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ds?=dZ+a?(2) 7, dxEdX". (5) so the scalar field perturbation vanishes altogether. Now the
(u5) equation leads to

We will particularly focus on the case where
D, h#"=0. (14
Ug=4ke*? (6) a
In summary, we find that the scalar field does not play a role
in the low energy dynamics and that the metric perturbation
is transverse and traceless.

with a=1//3,—1/\/12; these values correspond to super-
gravity in singular spacef8]. In those cases the solution
reads

1. Adding matter sources on the branes

7) The effect of adding matter on the branes is to induce a
bending of the brane. This leads to a shift in the position of
both branes which sit at

1—4ka2(z—zo)) Ve
a(z)=| —

1+ 4kaz,

where the positive tension brane sitszat0. In the a—0

limit we retrieve the AdS profile z.=¢&%, Zo=r +E. (15)
a(z)=e (8) One can perform local changes of coordinates around both

el?ranes which preserve the Gaussian normal coordinates and

shift them to the origin and, . After such changes of coor-

dinates the metric is

Notice that in that case the scalar field decouples altogeth
asUg and henceJ are constant.

B. Fluctuations

9,0,&"
(16)

- . . + UB 2 + 2 z dy

Our aim is to analyze the influence of the matter localized N,,=h,,— 5-a%(2)¢&" 7,,~2a (Z)f 5
on the brane. We thus include matter on the boundary branes 0a’(y)
which will be treated aperturbations We will further as-
sume that the matter does not couple to the bulk scalar fieldh he vicinity of th - d
so that, in particular, the junction conditions for the bulk field' the vicinity of the origin an
are not modified. As a consequence we are able to build on
the analysis performed ifl2].

_ Ug , _ P z dy _
We consider a perturbed bulk metric N =N =75 a%2)§ 7,,~2a (Z)f a2(y) Iudvé

e

ds?=dZ2+aZ(z)dx dx, +h,,,dx“dx’ 9) (7

the vicinity of the second brane.
We can now study these perturbations. To do so we come
back to the gravitational equation; it is convenient to work in

in Gaussian normal coordinates. The dynamics of the scalzi?
field fluctuation is determined by the Klein-Gordon equation

1 1 62U the conformal gauge, defining
Od6p+sh'"¢dp'=5—=06 10
AP L bys (10 N
du= E (18

where '=d/dz and h is the trace ofh,,. The zero-mode

solution to this equation can be obtained as q
an

s¢="28 5 (xs 11 T

¢= 3¢ ) (1D h,=ah,,. (19

and h=0, which satisfies the boundary conditions at bothWe denote byu, andu_ the location of both branes in the

branes for any massleggx*). conformal coordinate system. The gravitational equations
Similarly one can write the Einstein equations in the bulkthen read

2

U F. 2,302
Ohapt -5 Nay=D(aDehfy = $ 0000 mydo (12 S, LR DR, @0
du a“c du
where we have extended,, to five dimensions withhsg ;
=h,s=0. The (55) component of the gravitational equation
leads tod,6¢4=0. This implies thatd¢ is a function ofx* -
only and therefore [Q'Q-DO"ih,,=0, (21)

6¢=0, (13  with
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d dina®?
_ _n,2 4 .
Q——ﬁ-F qu hw(u,x)—ZKSUZ: Jd x'G(x,u;x",u,)
(22)
,_d dina® xay?a’(u)Ly ,(x') (31)
Q :ﬁ'i‘ , O =mn 6'“(9,,.
where
The boundary conditions are now
Us ) G(x,u;x’ u’)=JL‘keik'(x‘x/)sz(u u’). (32
azh,uv|ui+7h,uv =_K52;v (23) (27T)4
U,
where This provides the solution to the Einstein equations in the
bulk due to the brane bending.
+ 2 + + + +
S, = 50,0, +(T,,—3T7g,,) (29 lll. GRAVITY ON THE VISIBLE BRANE: THE ZERO
K5 MODE TRUNCATION
and T, is thf matter energy-momentum tensor on both we concentrate first on the case where no matter is
branes whileg,,, is the induced metric. present on the second brane and study gravity on the first

The equations of motion can be conveniently written as brane. In the low energy limit we neglect the contribution
due to the Kaluza-Klein modes and retain the zero mode

Q'Qh,,—0O%h,, only. In this case the metric perturbation on the brane is
3
:(; ZUshy, +268axy, | S(u—u,). . k1 P -
- y72% re D(4) y12% 3 7],uv 2 77;LV!
(25) JO dze 0
The brane equation of motion determining the brane bending (33
is obtained by taking the trace of the previous equation. Us- . )
sional gauge transformation to get rid of the second deriva-
L KB, tive terms. This leads to
O®Wes=— T (26)
K
wherea. =a(u.). 0®h,,=- = (Tuo= 5T 70
Let us decompose into Kaluza-Klein modes dz&
0
O0®h,,=—-k?h,,. (27)
L 34
It is convenient to define the eigenstates of the positive op- 12| K51 Muws (34)
eratorQ'Q 0
QTQu, =124, . (29) corresponding to the Brans-Dicke expression
Consider now the Green'’s functidb,2 of the operator D(4)hl“,: 3 16;7)GN (T;V_ Ly n)
He=Q"Q+k®— 2 Ug[s(u—u,)+d(u—u_)] (29
8’7TGN 4
defined by T O[3 20(@)] | e (35)
Gea(uu) =3 (Wi (u’) (30)  Whered is the Brans-Dicke field ana (<) the Brans-Dicke
’ ANHKP+ie parameter. We identify
where each mode is normalized. The only mode With0 is r a2
proportional toa®? as it is the only zero mode to satisfy the ng 16776Nf “_Zdz, (36)
boundary conditions imposed by the delta functions. More- 0 al
over the spectrum is discrete due to the two boundary con-
ditions. wherer., is the maximal range of the extra dimension, i.e.
We can now write the metric perturbation due to matterinfinity for the Randall-Sundrum scenario and the singularity
on both branes when a bulk scalar field is present. Next we identify
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o, when ®y<1, i.e. forz;=1/2k. In that case the fieldr is
fo a‘dz attracted towards the point wheag ®) =+, allowing us
b= — (37)  torecover Einstein gravity.
f'“azdz In the opposite situationd§,> 1) the Brans-Dicke param-
0 eter can only reach a maximal value
which varies between zero and one. Finally we obtain the 3 1+4a’kz,
Brans-Dicke parameter Oma=n ———————— (45)
2 2a%(1—2kzp)
1
o(@)=5[ 1+ U r a2l - 38 hich, since®,>1 implies that Xz,<1, is in general not
1-d—2 f —dz large enough to escape the experimental bounds on the
2 JgJo a2 Brans Dicke parametefand tends to 3/42 in the limit as
kzy—0).
we calr(1 ggw (k:]on|3|d3r the specific exponential models, wittt In conclusion, we have found that the Brans-Dicke pa-
Ug=4ke®®. This leads to rameter converges towards infinity as soon as the distances
1+ (1/202) between the branes and the naked singularity are large
q)zl_(l_ E) , (39) enough. This should be the case for a realistic cosmology,
Mo because we expect both branes to expand. Thus, they will

move away from the singularity so that the attractor mecha-

where r..=z,+ 1/4ka?. Similarly for the Brans-Dicke pa- nism can operate.

rameter Let us finally discuss the case where matter is also on the
3 1 second brane and study its effect on the gravitational field as
o@)==| -1+ ———— . (40) seen on the first brane. It is to be expected that the leading
2 1+ 4kaz, effect will be due to the propagation of gravitons in the bulk,
1_¢W hence suppressed by the warping of the bulk. Following the

same method as in the previous calculation we find that
In the a—0 limit we retrieve that

1 167Gy
®=1—672kr° (41) a_ZD(4)h/,LV: - CD [TIU,V_%(TP)\UP)\) 77,(1,1/]
+
and
T 20w 46
w(q)): %(_1+e2krc), (42) ( p)\77 )K577;w ( )
in agreement withh24]. where the total energy momentum tensor is
Let us finally comment on the well known attractor
mechanism for scalar tensor theories in the context of the )
theory discussed so far. Damour and Nordtvifi] found T =T+ 4+ a_fo 47)

that in the case for Brans-Dicke theory the dynamics of the
scalar field evolves during the matter dominated epoch such
that the Brans-Dicke parameter grows rapidly and thus thafms can be recast into the form
Einstein gravity is a cosmological attractor. It is easy to

verify that this is the case in the theory above.

+

First, it is convenient to go to the Einstein frame where iD(“)h _ 167TGN[-I- (T 7]
9.v=9€, .,/ P. We then define a canonically normalized a2 wy P pyo 2R 0PN e
field o by daldo=pB(c) where a(o)=—In(P)/2 and
B?(0)=1[3+2w(®)], and find that 8mGy

(TpU? )77,U.V
® - P[3+2w(D)]
2()=1— —
B =15, 43)

k aZ
- § _2 ( 7/pr;)\) 7]/,“/ 1 (48)
where®,=(1+2a?)/(1+4a?kz,). This leads to a4

1+ where Gy, ® and o(®) were defined above. Notice that
m ' (44) there is a direct coupling to matter on the second brane
which does not follow from Brans-Dicke theory. In particular
Notice that3—0 and o— oy as ®—d,. The field o is  this implies that gravity does not couple universally to mat-
attracted towards value its value @0, i.e. o is attracted ter, i.e. this leads to a violation of the equivalence principle
towards 0. The minimumo= o, can only been reached whose strength is proportional to the warping factéraZ .

0'—0'0=§|n
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IV. CONCLUSIONS expect a violation of the equivalence principle for matter
which lives on the shadow brane. This violation, however, is

We have presented an analysis of the effective four'suppressed by a factor, which can be very small, when the

dimensional gravity at the positive-tension brane for a brane; X .
world model with 2 bulk scalar field. When the BPS condi- branes are far apart. We expect very interesting consequences

tions (4) are imposed on the system, generating a Statifor cosmology from these considerations, which will be in-

supergravity background, we find that the effective IOW_?/estlgated in future work.
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